In this paper I will investigate geometrical structures of multipartite quantum systems based on complex projective varieties. These varieties are important in characterization of quantum entangled states. In particular I will establish relation between multi-projective Segre varieties and multip-qubit quantum states. I also will discuss other geometrical approaches such as toric varieties to visualize complex multipartite quantum systems.
Introduction
Characterization of multipartite quantum systems is very interesting research topic in the foundations of quantum theory and has many applications in the field quantum information and quantum computing. And in particular geometrical structures of multipartite quantum entangled pure states are of special importance. In this paper we will review the construction of Segre variety for multi-qubit states. We will also show a construction of geometrical measure of entanglement based on the Segre variety for multi-qubit systems. Finally we will establish a relation between the Segre variety, toric variety, and multi-qubit quantum systems. The relation could be used as a tool to visualize entanglement properties of multi-qubit states. Let Q j , j = 1, 2, . . . m be quantum systems with underlying Hilbert spaces H Qj . Then the Hilbert space of a multi-qubit systems Q, is given by
be a vector in H Q , where |x m x m−1 · · · x 1 = |x m ⊗ |x m−1 ⊗ · · · ⊗ |x 1 are orthonormal basis in H Q and α xmxm−1···x1 ∈ C. Then the quantum states are normalized vectors in P( 
Projective geometry
In this section we give a short introduction to variety. Let C[z] = C[z 1 , z 2 , . . . , z n ] denotes the polynomial algebra in n variables with complex coefficients. Then, given a set of r polynomials {g 1 , g 2 , . . . , g r } with g i ∈ C[z], we define a complex affine variety as
where P ∈ C n is called a point of C n and if P = (a 1 , a 2 , . . . , a n ) with a j ∈ C, then a j is called the coordinates of P . A complex projective space CP n is defined to be the set of lines through the origin in C n+1 , that is,
where u = (u 1 , . . . , u n+1 ) and v = (v 1 , . . . , v n+1 ). Given a set of homogeneous polynomials {g 1 , g 2 , . . . , g r } with g i ∈ C[z], we define a complex projective variety as
where O = [a 1 , a 2 , . . . , a n+1 ] denotes the equivalent class of point {α 1 , α 2 , . . . , α n+1 } ∈ C n+1 . We can view the affine complex variety V C (g 1 , g 2 , . . . , g r ) ⊂ C n+1 as a complex cone over the complex projective variety V(g 1 , g 2 , . . . , g r ).
We can map the product of spaces
into a projective space by its Segre embedding as follows. The Segre map is given by
is defined by ((α 
This is the space of separable multi-qubit states. Moreover, we propose a measure of entanglement for general pure multipartite states based on modified Segre variety as follows
where σ ∈ Perm(u) denotes all possible sets of permutations of indices for which k 1 k 2 . . . k m are replace by l 1 l 2 . . . l m , and u is the number of indices to permute.
As an example we will discuss the four-qubit state in which we first encounter these new varieties. For this quantum system we can partition the Segre embedding as follows:
For the Segre variety, which is represented by completely decomposable tensor, we have a commuting diagram and S 2,...,2 = (S 4,4 ) • (I ⊗ S 2,2 ) • (S 2,2 ⊗ I ⊗ I).
Toric variety and multi-qubit quantum systems
Let S ⊂ R n be finite subset, then a convex polyhedral cone is defined by σ = Cone(S) = v∈S λ v v|λ v ≥ 0 . In this case σ is generated by S. In a similar way we define a polytope by P = Conv(S) = v∈S λ v v|λ v ≥ 0, v∈S λ v = 1 . We also could say that P is convex hull of S. A convex polyhedral cone is called simplicial if it is generated by linearly independent set. Now, let σ ⊂ R n be a convex polyhedral cone and u, v be a natural pairing between u ∈ R n and v ∈ R n . Then, the dual cone of the σ is define by
where R n * is dual of R n . We call a convex polyhedral cone strongly convex if σ ∩ (−σ) = {0}.
The algebra of Laurent polynomials is defined by C[z, z , β 2 , . . . , β n ) ∈ Z and λ ∈ C * are called Laurent monomials. A ring R of Laurent polynomials is called a monomial algebra if it is a C-algebra generated by Laurent monomials. Moreover, for a lattice cone σ, the ring
is a finitely generated monomial algebra, where the support of a Laurent polynomial f = i λ i z i is defined by supp(f ) = {i ∈ Z n : λ i = 0}. Now, for a lattice cone σ we can define an affine toric variety to be the maximal spectrum X σ = SpecR σ .
A toric variety X Σ associated to a fan Σ is the result of gluing affine varieties X σ = SpecR σ for all σ ∈ Σ by identifying X σ with the corresponding Zariski open subset in X σ ′ if σ is a face of σ ′ . That is, first we take the disjoint union of all affine toric varieties X σ corresponding to the cones of Σ. Then by gluing all these affine toric varieties together we get X Σ .
A compact toric variety X A is called projective if there exists an injective morphism Φ : X Σ −→ P r of X Σ into some projective space such that Φ(X Σ ) is Zariski closed in P r . A toric variety X Σ is equivariantly projective if and only if Σ is strongly polytopal. Now, let X Σ be equivariantly projective and morphism Φ be embedding which is induced by the rational map φ :
. . p n ). Then, the rational map Φ(X Σ ) is the set of common solutions of finitely many monomial equations
which satisfy the following relationships
and
for all β l ∈ Z ≥0 and l = 0, 1, . . . , r [3] . As we have seen for multi-qubit systems the separable states are given by the Segre embedding of 
where I(A) = α k1k2...km α l1l2...lm − α k1k2...lj ...km α l1l2...kj ...lm ∀j;kj ,lj =0,1 . This toric variety describe the space of separable states in a multi-qubit quantum systems. In summary we have investigated the geometrical structures of quantum multi-qubit states based on the Segre variety toric varieties. We showed that multi-qubit states can be characterized and visualized by embedding of toric variety in a complex projective space. The results are interesting in our voyage to the realm of quantum theory and a better understanding of the nature of multipartite quantum systems.
